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ABSTRACT

We prove that if X is a Polish space and F a face of P(X) with the Baire
property, then F' is either a meager or a co-meager subset of P(X). As
a consequence we show that for every abelian Polish group X and ev ery
analytic Haar-null set A C X, the set of test measures T'(A) of A is either
meager or co-meager. We characterize the non-locally-compact groups
as the ones for which there exists a closed Haar-n ull setFF C X with
T(F) meager. Moreover, we answer negatively a question of J. Mycielski
by showing that for ewery non-locally-compact abelian Polish group and
every o-compact subgroup G of X there exists a G-invariant F, subset
of X which is neither prev aletn nor Haar-null.

1. Introduction and notations

A universally measurable subset A of an abelian Polish group X is called Haar-
null if there exists a probability measure p on X, called a test measure of
A, such that u(z + A) = 0 for every € X. This definition is due to J.P .R.
Christensen and extends the notion of a Haar-measure zero set. The same
class of sets has been also considered independently by B. R. Hunt, T. Sauer
and J. A. Yorke in [7]. They used the term shy instead of Haar-null. The
complements of Haar-null sets are called prevalent. In Christensen’s paper
[2] a number of important properties of Haar-null sets were established. In
particular, he show ed that the class of Haar-mll sets is a o-ideal, which in the
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case of non-locally-compact groups contains all compact sets. On the other
hand, he proved that if X is locally-compact, then Haar-null sets are precisely
the Haar-measure zero sets and so his definition is indeed a generalization. There
are, howev er, anumber of properties of Haar-null sets which differentiate the
locally from the non-locally-compact case (see [1] and the references therein).
An important example is the countable ¢ hain condition,which is not satisfied
if X is non-locally-compact (this is due to R. Dougherty for a large class of
abelian groups [4] and to S. Solecki in general [14]).

Note that the test measure of a Haar-null set is not unique. Our motivation
for this paper w asto investigate the structure of the set of all test measures
T(A) of a Haar-null set A. One natural question is about its size. Our first
result states that there are only two extreme possibilities.

THEOREM A: Let X be an abelian Polish group. Then for every analytic Haar-
null set A C X, the set

T(A)={pue P(X):pulz+A) =0 foreveryr € X}

is either a meager or a co-meager subset of P(X).

Actually, Theorem A is a consequence of a general property shared by the
faces of P(X). Specifically, we prove the following zero-one law.

THEOREM B: Let X be a P olish space andF a face of P(X) with the Baire
property. Then F' is either a meager or a co-meager subset of P(X).

The crucial point in the proof of Theorem B is the fact that convex a veraging
is open on P(X).

Theoremjustifies the follo  wing definition. An analytic Haar-null set A is
called strongly Haar-null if T'(A) is co-meager. Otherwise it is called weakly
Haar-null. In ev ery abelian Blish group there exist strongly and weakly Haar-
null sets. How ever the existence of a closed wakly Haar-null set characterizes
the non-locally-compact groups.

THEOREM C: Let X be an abelian Polish group. Then X is non-locally-compact
if and only if it contains a closed weakly Haar-null set.

The proof of the above theorem is descriptive set-theoretic and uses the results
of S. Solecki in [15].

We also deal with a problem of J. Mycielski. He asked in [11] the following. If
X is a non-locally-compact abelian Polish group, G a countable dense subgroup
of X and A C X a G-invariant universally measurable set, then is it true that
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A is either prevalen tor Haar-null? The problem w asanswered negatively by
R. Dougherty in RY (see [4]). Using a result of E. Matouskora and M. Zeleny,
we show that for every non-locally-compact abelian Polish group X and every
o-compact subgroup G of X, there exists a G-invariant F, subset of X which
is neither prevalen t nor Haar-mll.

Finally, a measure-theoretic analogue of Theorem A is given in the last section.
It is based on the fact that T'(A) is invarian t under the group of homeomorphisms
W= p*d,, where z € X.

Notations: In what follows X will be Polish space (additional assumptions will
be stated explicitly). By d w e denote a compatible complete metric ofX. If z €
X and r > 0, then by B(z,r) we denote the set {y € X : d(z,y) < r}. By P(X)
w e denote the space of all Borel probabiliy measures on X, while by M, (X)
the space of all positiv efinite Borel measures. Then both P(X) and M, (X)
equipped with the weak topology become Polish spaces (see, for instance, [12]).
If d is a fixed compatible complete metric of X, then a compatible complete
metric of P(X) is the so-called Lévy metric p, defined by

p(p,v) =inf{d > 0: u(A) < v(4s)+ 0 and v(A4) < u(As) + 6},

where As = {x € X :d(x, A) < 6}. All balls in P(X) are taken with respect to
the Lévy metric p. That is, if u € P(X) and r > 0, then by B(u,r) we denote
the set {v € P(X) : p(u,v) < r} (from the context it will be clear whether we
refer to a ball in P(X) or in X). Finally, for every y € P(X), by suppu w e
denote the supportof the measure . All the other pieceof notation we use
are standard (for more information we refer to [8]).

2. F acesof P(X)

Through this section X will be a Polish space. As usual, we say that F' C P(X)
is a face of P(X) if F' is an extreme convex subset of P(X). For every ¢t € (0,1)
consider the function T;: P(X) x P(X) — P(X), defined by

Ti(u,v) =tu+ (1 —t)v.

Clearly, every T} is con tinuous.The following lemma provides an estimate for
their range.

LEMMA 1: Let r > 0 and m,u € P(X) be such that p(m,u) < r. Let also
t € (0,1). Then for every v € P(X) we have that p(Ty(v,m),u) <t +r.
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Proof: Let A C X Borel. Then note that

tw(A) + (1 — tym(A) < t+m(A) <t + p(4,) +7
< p(Apgr) 7

Similarly, w e hare

H(A) < (1= Ou(A) +£ < (1= Hm(A,) + 7+t
t(AH-r) (l_t) (At+r)+t+’l’.

By the above inequalities we get that p(tv + (1 —t)m, u) <t +r. 1

The crucial property of T; is that they are open. This result is due to
L. Q. Eifler [5]. For the sake of completeness we include a proof.

PROPOSITION 2: For ewry t € (0,1), the function T} is open.

Proof: Let us introduce some notation. Given u,v € My (X) we write v < pu
if v(A) < u(A) for every A C X Borel (note that v < p implies that v < u).
Moreover forp € M+( ) and f € Cy(X) by fu w e denote the measure defined

by fu(A) = [, f(

Cramm: Let v, € My (X) with v < p and (pn)pn in M4 (X) with p, — p.
Then there exist a sequence (v;) in M4 (X) and a subsequence (n, )i of (tn)n
such that v, — v and vy, < p,, for every k.

Proof: Let g = dv/du € L*(u). As v < p w ehave that 0 < g(z) < 1 p-a.e.
So w emay find a sequence (fi)r in Cp(X) suchthat fi, — ¢ in L'(u) and
0 < fr(x) <1 for everyx € X and every k. It follows that fru — gu = v.
Moreover, for fixed k, w ehave fyu, — frp as n — oo. Pic ka subsequence

(ttny ) Of (ptn)n such that fiu,, — v and set vy, = frpin, - |

Fix 0 <t < 1. Let w=tu+ (1 —t)v, where u,v € P(X). It is enough to show
that for every sequence (wy), in P(X) with w, — w, there exist a subsequence
(wn, )k of (wy), and sequences (ug)k, (Vk)r in P(X) such that pup — p, vy = v
and wy, = tug + (1 —1t)vk. Solet (wy), be one. As tu < w, by the above claim,
there exist a sequence (my), in M4 (X) and a subsequence (wy, )i of (wy)n
such that my — tp and my < wy, . Set t, = mi(X). Then t, — ¢t. By passing
to further subsequences if necessary, we may assume that the sequence (ty )y is
monotone. Without loss of generality suppose that t; 1 ¢ (the case ¢ | t is
similar). Set mj, = my/ty and vy = (wy,, —my)/(1 —tx). Then m}, v, € P(X)
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and
Wy, = temy, + (L=t = (E—t+t)my, + (1 —t+t — tg)vg
t— 1k t— 1t
:t(m’k— “ml 4+ I‘l/k)+(1—t)1/;{.
Put
, U=ty ,  t—1t
C =My, — ——— 1My, Vg

HE k 7 k 7 k

Then u; € P(X). As pup — p and vp — v the proof is completed. |

Remark 1: Note that the above proof is valid for all metrizable spaces, as long
as w erestrict ourselves to Radon probability measures. In this direction the
more general result is obtained in [6].

Finally, we need the following elementary property of continuous, open func-
tions.

LEMMA 3: Let Z,Y be Bairespacesand f : Z — Y a contin uous, open function.
Then f~'(G) is co-meager in Z for every G CY co-meager.

We are ready to give our main result of this section.

THEOREM 4: Let X be a P olish spaceand F' a face of P(X) with the Baire
property. Then F' is either a meager or a co-meager subset of P(X).

Proof: Assume that F' is not meager. We will show that in this case F' is
actually co-meager and this will finish the proof. As F'is not meager, there
exist u € P(X) and A > 0 such that F' is co-meager in B(u, A). Pick a,r > 0
small enough such that a +7r < A/2. Set Z = P(X) x B(u,r) and Y = B(u, A).
Consider the restriction of T, on Z. Denote the restriction by f. Clearly f
remains open and continuous. By Lemma 1 w ehavethat f(Z) C Y. Put
W = FNY. By Lemma 3, we get that f~'(W) is co-meager in Z.

Set G = FNB(u,r) (note that G is co-meager in B(u,r)). As F is an extreme
convex subset of P(X), for every v € P(X) and every m € B(u,r) we have that
T.(v,m) € F if and only if v,m € F. It follows that

S = Fx @,

whence F' must be co-meager and the proof is completed. |
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3. The test measures of an analytic Haar-null set

Let X bean abelian P olish group (locally or non-locally compact). For ev ery
universally measurable set A C X we put

T(A)={u€ P(X):ulx+ A) =0 for every x € X}.

Namely T'(A) is the set of test measures of A. We have the following estimate
for the complexity of T'(A) (see [3], Lemma 4).

LeMMA 5: If A C X is analytic, then T'(A) is a co-analytic subset of P(X).

Note that for every universally measurable set A, the set T'(A) is a face of
P(X). Hence by Theorem 4 and Lemma 5, w eget the following topological
dichotomy for the set of test measures of an analytic Haar-null set.

COROLLARY 6: Let X be an abelian Polish group. Then for every analytic
Haar-null set A C X, the set T'(A) is either a meager or a co-meager subset of
P(X).

The following definition is motivated by Corollary 6.

Definition 7: An analytic Haar-null set A C X is called strongly Haar-null
if T(A) is co-meager. Otherwise, it is called weakly Haar-null.

Under the terminology of the above definition, Corollary 6 states that every
analytic w eakly Haar-mll set is necessarily tested by meager many measures.
We should point out, however, that even if T'(A) may be small (in the topological
sense), it is always dense in P(X). Indeed, as has been indicated by Christensen
(see [2]), for every z € X and r > 0 there exists an u € T'(A) such that
p(i,0,) < r. But the set of convex combinations of Dirac measures is dense
in P(X). So, using the properties of the Lévy metric, we can easily verify the
density of T(A).

As has been shown in [3], every analytic and non-meager Haar-null set is
necessarily w eakly Haar-null (and so strongly Haar-null sets are necessarily
meager). On the other hand, w eha vethe following proposition (for a proof
see [3], Proposition 5).

PROPOSITION 8: Let X be an abelian Polish group and A C X a o-compact
Haar-null set. Then A is strongly Haar-null.

By the abo veproposition, it follows that in locally-compact groups closed
Haar-null sets are strongly Haar-null.
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The situation in non-locally-compact groups is quite different. In particular,
we will show that in every non-locally-compact abelian Polish group X, there
exists a closed w eakly Haar-null set F' C X. T othis end w emention that
the collection F'(X) of all closed subsets of X equipped with the Effros—Borel
structure is a standard Borel space (see [8], page 75). Denote by H the collection
of all closed Haar-null sets and by # the collection of all closed strongly Haar-
null sets. Clearly H O Hs. We claim that the inclusion is strict. Indeed, observe
that, as noted by Solecki in [15] (page 211), the set

H={(F,p) e F(X)xP(X):p(z+F)=0Vzr e X}
is TI7. Tt follows that the set
Hs ={F € F(X):{p€ P(X):(F,u) € H} is co-meager}

is I} too (see [8], page 244). But, as has been proved b y Soleki, H is X]-hard,
hence not ITj (for the definition of X]-hard sets see [8] or [15]). So the inclusion
is strict.

Summarizing, we get the following corollary which provides another character-
ization of non-locally-compact abelian Polish groups via properties of Haar-null
sets.

COROLLARY 9: Let X be an abelian Polish group. Then X is non-locally-
compact if and only if there exists a closed weakly Haar-null set F' C X.

Remark 2: Clearly the crucial property of T'(A) w e hae used in order to prove
Corollary 6, is that T'(A) has the Baire property. If A C X is co-analytic,
then w e can easily werify that T(A) is II}. Under the standard axioms of set
theory II} sets do not necessarily have the property of Baire. However, under
an y other additional axiom, capable of establishing thatII} sets ha  the Baire
property (such as Xi-Determinacy or Martin’s Axiom and the negation of the
Continuum Hypothesis), Corollary 6 is valid for co-analytic sets. Moreover, it
can be easily chec ked that under Projectie Determinacy the dichotomy is valid
for every projective set.

4. Sets invariart under K, subgroups

In [9], E. Matouskova and M. Zeleny (using methods introduced by S. Solecki
in [14]) proved the following.
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THEOREM 10: Let X be a non-locally-compact abelian Polish group. Then
there exist closed non-Haar-null sets A, B C X such that the set(x + A) N B is
compact for every x € X.

In what follows, by A and B w e denote the sets obtained from Theorem 10.
We will use the following notation. For ary set S C X we put

1(8)= | J((z+ 4)nB).

z€S
We have the following fact.

LemMA 11: If K C X is compact, then I(K) is compact too.

Proof: First observe that I(K) is closed. Indeed, note that I(K) = (K+A)NB.
Then, as K is compact and A is closed, we get that K + A is closed, whence so
is [(K)=(K + A)N B.

So it is enough to show that I(K) is totally bounded. We will need certain
facts from the construction of A and B made in [9]. By d w e denote a compatible
complete translation invariant metric of X.

Fix S = (s,)n a dense countable subset of X and (@) an increasing sequence
of finite subsets of X such that |J, Q is dense in X. Fix also sequences (&, )m
and (dpm)m of real numbers such that
they satisty the following fact proved in [9]: For any finite sets Fy and Fy, there
exists g € B(0,¢) such that dist(F1, g + F2) > §. Note that d,, — 0.

Matouskov zand Zeleny, by induction, constructed sequences (¢")m,r and

€; < 0m/2 and that for everym

i>m

(G7)m.x which, among other things, satisfy the following (crucial for our con-
siderations) property.

(P) Vn and Vi,j with i, j > n we have dist(s, + ;" + Q:,3;" + Q) > 36
Then they defined

A= UBW +Qu.om) and B= () | BGF + Qr.0m).

m>1k>1 m>1k>1

Let r > 0 arbitrary. Pick m such that é,, < r. From the compactness of K,
pick I and (sp,)'_; C S such that

l
| B(sn,.0m/2) 2 K.

i=1
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If x € X and s,, € S with d(s,,x) < d,,,/2, then, as shown in [9], from property
(P) we have

n—1 n—1
(z+A)NBC ( U Blsn + g + Qk,36m/2)> U < U B + Qk.,ém)).
k=1 k=1

It follows that

I(K) C LZJ (( O B(sn, + 97" +Qk735m/2>> J < CJ m))

=1 k=1 k=1

So the set T(K) can be covered by finitely many balls of radii 25, < 2r. As r
w as arbitrary we get that I(K) is totally bounded and the proof is completed.
|

PROPOSITION 12: Let X be a non-locally-compact abelian Polish group and G
a o-compact subgroup of X. Then there exists a G-invarian ¥, subset F' of X
such that F' is neither prevalent nor Haar-null. In particular, this holds if G is
a countable dense subgroup of X .

Proof: Put G = |J,, K, where each K, is compact. Let A and B be as in
Theorem 10. Define

Ci = U($+A) and Oy = U($+B).
z€G Py=te.

Note that for every n the sets K,, + A and K,, + B are closed. Also observe that
Ci=U,Kn+Aand C; =, K, +B. So C; and C; are F;,. In addition, from
the fact that G is a subgroup of X, we get that both C; and Cs are G-invariant.

As an y possible translate of a non-Haar-null set is non-Haar-null, w ehave
that C7; and Cy are non-Haar-null. We claim that at least one of them is not
prevalen t. Indeed, suppose that both C; and C5 were prevalent. So C; N Cy
w ould be preulent too. But observe that

CiNCy = ( U(z+A)>ﬂ<U(y+B)>

zel yel

=JU U U e@+any+h

n,mz€K, yeK,,

U U Uyv+e-y+49nB

n,m €K, yeK,,

C | Km+ (K, — Kn).

n,m
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Clearly the set K, — K, is compact. By Lemma 11, the set I[(K, — K,,) is
compact too, whence so is the set K, +I(K,, —K,,). But in non-locally-compact
groups, compact sets are Haar-null. It follows that C; N Cy is Haar-null and we
derive a contradiction. Hence at least one of them is not prevalent, as claimed.
|

Remark 3: Note that if G is countable, then the proof of Proposition 12 is con-
siderably simpler (in particular, Lemma 11 is completely superfluous). However,
Proposition 12 shows that invariance under bigger subgroups is not sufficient to
establish the desired dichotomy. F or instance, if X is a separable Banach space
and (X,), an increasing sequence of finite-dimensional subspaces with (J,, X,
dense in X, then we may let G = |J,, X,, and still provide a counterexample for
the dichotomy.

5. On the measure-theoretic structure of 7T'(A)

By Lemma 5, for every A C X analytic, the set T'(A) is a universally measurable
subset of P(X). So it is natural to wonder about the measure-theoretic structure
of T(A). If X is locally compact, then it is easy to see that there exists an
M € P(P(X)) (namely M is a measure on measures) such that M (T(A4)) =1
for every A C X universally measurable. Indeed, let h be the Haar measure
and H be the subset of P(X) consisting of all probability measures p absolutely
continuous with respect to h. So if M € P(P(X)) is an y measure on measures
supported in H, then M(T(A)) = 1 for every universally measurable Haar-null
set A C X.

In the non-locally-compact case the situation is different. As M. B. Stinch-
combe observed in [16], for every M € P(P(X)) there exists a o-compact set
K C X such that M({u : u(K) = 0}) = 0. Hence for every M € P(P(X))
there exists a Haar-null set K C X for which M (T(K)) = 0. Nevertheless, we
will show that in the non-locally-compact case there exists a measure-theoretic
analogue of Corollary 6. So in what follows we will assume that X is non-locally-
compact. As before, d is a translation invariant metric of X.

Let us introduce some notation. For every « € X and every u € P(X) define
the probability measure p, by u.(A) = u(A — z) for ev ery Borel set A C X.
That is u, = p * 0, (note that supp u, = x + supp ). So every x € X gives
rise to the function g,: P(X) — P(X) defined by g,(u) = pz. Observe that
the family G = (9. ).cx is an uncountable group of homeomorphisms of P(X)
(actually, G is a group of isometries of (P(X),p)). Also note that for every
A C X universally measurable, the set T'(A) is G-invariant.



Vol. 144, 2004 DICHOTOMIES OF SET OF TEST MEASURES 25

LEMMA 13: Let u € P(X) be such that supp u is compact. Then the orbit Gpu
of i is uncountable.

Proof: Assume, on the contrary, that Gu is countable. Write Gu = (v;); and
for ev eryi let

Ci={xeX:pu,=v}

It is easy to verify that every C; is closed. As X = J, C; by the Baire category
Theorem there exists a k such that Int(Cy) # 0. So there exist z € X and
r > 0 such that p, = pu, = vy, for every z,y € B(z,r). But this implies that
@+ supp u = y + supp u for ev eryz,y € B(z,r) and so

B(0,r) C B(z,1) — B(z,r) C supp t — supp

which is impossible as supp p is compact and X is non-locally-compact. ]

If p is an y probability measure, then the orbit Gu of u is Borel. T osee
this, observe that the group X acts continuously on P(X) under the action
x - = d; * ; and that this action is precisely the action of G. It follows ly a
result of Miller (see [10] or [8]) that the orbit Gu of u is Borel. Note, however,
that if p is a Dirac measure, then its orbit is the set of all Dirac measures. But,
as is well-known, this is a closed subset of P(X). This fact is generalized in the
following proposition.

PROPOSITION 14: Let u € P(X) be such that supp u is compact. Then the
orbit Gu of u is closed.

To prove Proposition 14 we will need a certain consequence of the classical
Ramsey Theorem [13] for doubletons of N. As is common in Ramsey Theory,
for ev eryl C N by [I/]* w e denote the collection of all doubletons {, ) suc h that
i, €l andi <j.

LEMMA 15: Let r > 0 and (zp), be a sequence such that d(x,,xm,) > r for
every n # m. Then for every K C X compact, there exists a subsequence (y,)n
of (xn)n such that

B(yi —y;,r/8)NK =10

for every i,j with 1 < j.

Proof: Let
A={(i,5) € [N]2 :B(zi —z;,7/8)NK =0}
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and
B ={(i,j) € [N}2 :B(x; —x;,r/8) N K # 0}.

Then [N]? = AUB and AN B = ). By Ramsey’s Theorem, there exists M C N
infinite such that either [M]? C A or [M]? C B.

We claim that [M]? C A. Indeed, assume on the con trary that[M]* C B.
Set m =min{i : i € M} and M' = M \ {m}. Then for every n € M’ we have

B(xy — xp,7/8) N K # (.

So, for every n € M' there exists a w,, € K such that d(z,, — x,,w,) < r/8.
As K is compact, pick (z;)F_, a finite r/8-net of K. By cardinality arguments,
w e get that there exist an infisdte I C M’ and an !l € {1,...,k} such that
d(w;, z1) < r/8 for every i € I. Hence d(w;,w;) < r/4 for every i,j € I. But if
1,j € I with i # j, then we have

(

d(z;, x;) =d(—x
($m - xivwi) + d(wiij) + d(w]"/Im - Ij) < 7‘/27

d i —T5) = d(Tm — Ti, Ty — T5)
d

IN

which contradicts our assumption on (z,),. Hence [M]? C A.
Now let (m,,), be the increasing enumeration of M and set y,, = z,,, for
every n. Clearly (y,), is the desired subsequence. ]

We continue with the proof of Proposition 14.

Proof of Proposition 14: First of all observe that w emay assume that 0 €
supp pt. Indeed, if y € supp p, then set v = y_, and observe that 0 € suppv
and that Gv = Gu. So in what follows we will assume that 0 € supp pu.

Let (), in X and v € P(X) be such that g,, (1) = pe, — v. Note that
it suffices to pro vethat there exist an x € X and a subsequence (z,, )y of
(zn,)n such that z,, — x. Indeed, in this case observe that ds,, — 0. Hence
Ha,, = p*0z, — p*x0; = p,. On the other hand, as (Mznk)k is a subsequence
of (ytz,,)n W e still haerthat p,, — v. This implies that v = p, as desired.

Assume, tow ards a corradiction, that the sequence (x,), does not contain
any convergen t subsequence.So there exist an r > 0 and a subsequence (x,, )k
of (z,,), such that d(z,,,z,,) > r for every i # j.

Applying Lemma 15 to the sequence (z,,)r for K = supp u, w eget a sub-
sequence (yn)n of (x,, )x (and so of (z,),) such that for every i, j with j > 1,

B(yi —y;,7/8) Nsupp p = 0.



Vol. 144, 2004 DICHOTOMIES OF SET OF TEST MEASURES 27

The subsequence (fty, )n Of (itz,)n, determined by (¥n)n, still converges to v.
From the properties of ¢, ), we have that if n > i, then

oy, (B(yi,7/8)) = u(B(yi,7/8) = yn) = p(B(Yi — yn,7/8)) =0

as B(y; —yn,7/8)Nsupp u = @. As for every U C X open the function p — p(U)
is low er semicontinuous, we get

v(B(yi,r/8)) < liminf iy, (B(yi,r/8)) =0

for ev eryi. Hence the set V = J, B(y;,r/8) is v-null.
Now set F' = J, B(y:,7/9). Note that F is closed, as d(y;,y;) > r for i # j,
and that V O F. Then observe that for every n, we have

o (F) = P = ) = (U B = 0 797 ) 2 B0.7/9) 0.

where the last inequality holds from the fact that 0 € supp u. By the upper
semicontin uity of the function y — u(F'), w e get

v(F) > limsup py, (F) > p(B(0,7/9)) > 0.
But this implies that
0=w(V) 2 v(F) =z u(B(0,7/9)) >0
and we derive the contradiction. ]

COROLLARY 16: Let X be a non-locally-compact abelian Polish group and A C
X an analytic Haar-null set. Then there exists a continuous Borel probability
measure M on P(X) such that:
(i) M(T(A)) =1.
(ii) If B C X is any other analytic Haar-null set, then either M (T(B)) =1 or
M(T(B)) = 0.

Proof: Pick any compactly supported probability measure u € T(A). By
Lemma 13 and Proposition 14, the orbit Gu of u is an uncountable closed
subset of P(X). So if M is any continuous measure on measures supported in
Gu, then M(T(A)) = 1. Finally, observe that if B C X is any other analytic
Haar-null set, then as T'(B) is G-invariant either Gu C T'(B) or GuNT(B) = 0.
This clearly establishes property (ii). |
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